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Abstract. It is shown that the space-time with a conical singularity, which describes a thin cosmic string, 
is hyperbolic in the sense that a unique H 1 solution exists to the initial value problem for the wave equation 
C ~ 1 , with a certain class of initial data. 
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1. Introduction 

C3 _ 

A desirable property of any space-time used to model a physically plausible scenario is that the 
evolution of the Einstein's equations is well posed i.e. the initial value problem has a unique solution. 
Space-times whose metrics are at least C 2 ~, which guarantees the existence of unique geodesies, fall 
within the context of the Cosmic Censorship Hypothesis of Penrose (1979). The hypothesis states that 
that the space-time will be globally hyperbolic, i.e. strong causality is satisfied and J + (p) D J~(g) is 
' compact Vp, q € M, and hence the evolution of Einstein's equations is well defined. 

There are however a number of space-times with weak singularities which model physically plausible 
scenarios such as thin cosmic strings (Vickers, 1987), impulsive gravitational waves (Penrose, 1972) and 
dust caustic space-times (Clarke and O'Donnell, 1992). Typically such a space-time has a locally bounded 
metric whose differentiability level is lower than C 2 ~ , but whose curvature is well defined as a distribution, 
often with its support on a proper submanifold. Although cosmic censorship may be violated for such 
""^ ' space-times, it does not rule out the possibility that the evolution of some fields is well posed. 

q-i A concept of hyperbolicity for such space-times was proposed by Clarke (1998). This was based on 

the extent to which singularities disrupted the local evolution of the initial value problem for the scalar 
(^h, wave equation. 
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Clarke reformulated the initial value problem, on an open region Q with a compact closure admitting a 
space-like hypersurface S, which partitions f2 into two disjoint sets f2 + and f2 _ , in a distributional form, 
obtained by multiplying a test field u) and integrating by parts once to give 

b g ab (-g) 1/2 d 4 x = - [ fu {-g) 1/2 d*x - [ faudS VweD(Jl) 
n+ Ja+ Js 



and then defined a point p £ M as being D-regular if it admitted such a neighbourhood Q for which 
the above equation had a unique solution for each set of Cauchy data (</>o,<j>i) £ H 1 (S) x H°(S). A 
space-time which was D-regular everywhere could then be said to be O-globally hyperbolic. It was shown 
if a space-time satisfied the following curve integrability conditions at a given point p G M, then that 
point was D-regular. 

(1) g a b and g ab are continuous 

(2) g ab is C 1 on M - J+(p) 

(3) g a b,c exists as a distribution and is locally square integrable. 

(4) The distributional Riemann tensor components R a bcd may be interpreted as locally integrable 
functions 
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(5) There exists a non empty open set CcR 4 and functions M, N : R+ -> R+, with M(e), iV(e) -> 
as e — > 0, such that if 7 : [0, 1] — > M is a curve with 7 £ C then 7 is future time-like and 

f |rg c ( 7 ( s ))| 2 rfs < M(e) 
Jo 

[ S \R a bcd (j(s))\ds< N(£) 
Jo 

The proof involved the construction of a congruence of time-like geodesies, whose tangent admitted 
an essentially bounded weak derivative, and a suitable energy inequality from which uniqueness and 
existence could be deduced. In particular it was shown that these results were applicable to the dust 
caustic space-times. 

Not all space-times with weak singularities satisfy these integrability conditions. One such example is 
a space-time with a conical singularity representing a thin string. Such a space-time may be constructed 
by cutting out a sector of angle 2n(l — A) from Minkowski space-time and identifying the resulting edges. 
In a suitable Cartesian coordinate system (t, x, y, z) <G K 4 the metric g a b may be written as the following 
line clement 

x 2 + y 2 

and the non-zero energy-momentum tensor components may be shown to be the well defined distribution 
(Balasin and Nachbagauer, 1993; Clarke et al., 1996) 



ds 2 = -dt 2 + dx 2 + dy 2 + dz 2 - — ' T {xdy - y dx) 2 (1) 



T\{-gf/ 2 = T'^-g) 1 ' 2 = -2tt(1 - A)S(x)S(y) (2) 

which justifies the interpretation of this space-time as representing a thin cosmic string. Curve integra- 
bility is violated at the axis because g a b,c is not locally square integrable there, however there does exist a 
natural congruence of time-like geodesies; namely the integral curves of the vector d/dt whose covariant 
derivative vanishes. In this paper it will be shown that D-regularity is also applicable to such space-times. 

A remark on notation. 

The lower case indices a, b etc. denote coordinates t, x, y and z where as the upper case indices A, B 
etc. denote coordinates x and y. 

The Sobolev spaces H k (Q), where ft is an open subset of R™, are defined as the spaces of functions 
/ e L 2 (Q) such that all partial derivatives up to order k are defined as distributions and such that the 
Sobolev norm 
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is finite. 

For an m-dimensional subspace S £ we may also define the embedding norm 
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(da: 1 )" 1 . . . (dx n ) c 
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It should be noted that derivatives in all tangential directions of Vt are summed over, not only those 
tangential to S. Clearly ||/|| s ^ ||/|| Scn . 
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Figure 1. The foliation of region fl 

2. The initial value problem 

In order to prove hyperbolicity, we must show that in each open region O with a compact boundary 
dSl, that a unique solution <f> G H 1 (fl + ) exists to the initial value problem; 

<P\s = 0o (3) 
n a faa\ s = fa 

where / 6 H°(Q), fa € H^S), fa e H^S). 

We shall assume that without loss of generality that f2 is generated by a foliation of space-like hyper- 
surfaces (S T ) Tl<T<T2 (with n < < t 2 ) having a common boundary, with So coinciding with the initial 
hypersurface S described by t — 0. The region of ft to the future of S, Q + will be denoted as U. 

There will now be two cases to consider, according to whether U intersects the axis A given by 
x = y = 0. In the case where U flA = 8, the metric is equivalent to that of Minkowski space and so one 
can write down a unique solution in terms of the Kirchoff formula (see e.g. Choquet-Bruhat et al., 1977). 
We shall therefore consider the more problematic case U (~1 A ^ 0, where the metric is locally bounded 
but admits directional dependent limits as one approaches the axis. 

By writing (f> = -0 + q where q € is an arbitrary function satisfying 

Q\8 = 00 

n a q,a\ s = fa W 
we can express (3) as an initial value problem for tp satisfying zero initial conditions 

□V = / - □« 

i>\s = (5) 

™ a V\a| S = 

One possible way of defining a function q G L 2 {U) which satisfies the initial conditions (4) is 

q(t,x,y,z) = fa(x,y,z)+tfa(x,y,z) - 2 2 2 (xfa, x (0,0,z) + yfa, y (0,Q,z)) 

z x ~\~ y 

(fa 7 fa)EH 1 (S)xH°(S) 
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By imposing stronger initial conditions, we can also achieve q e i/ 1 (C7). On differentiating 

t 2 (t 2 +3x 2 +3y 2 ) 
{t 2 +x 2 +y 2 f 
q,z = <f>o,z (x, y,z) + t<px. z (x, y, z) 



z 1 1 -t ox -t oy i / .n 
q,t = <p\(x,y,z) 2 2 (£(fti, a (0,0,z) + #1,^(0,0,2)) 



i 2 + .t 2 + y 2 

9,a = ^o,a(z, y, z) + t^i,A(ar, y, z) 
t 3 

0i,a(O,O,«) 



(a;0i,x«(0, 0, z) + y(pi, yz (0, 0, z)) 



i 2 + .t 2 + y 2 



+ 2 (t2 + ^+ ?/)2 (^,x(0, 0, z) + # liX (0, 0, z)) 
we can see that sufficient conditions on the initial data are 

Since we shall be working exclusively with the Sobolev spaces H k ; it would be very desirable for Oq e 
H°(U) so that Dip <E H°(U) in (5). This will require a further strengthening of the conditions on the 
initial data (cpo ,4>i). Now Oq may be expressed in the form 

(I /A 2 — 1) 

where 

a a = (0,x/(x 2 + y 2 ) 1 / 2 ,y/(x 2 +y 2 ) 1 / 2 ,0) 

The non-zero components g u , g AB , g zz and a" 4 are essentially bounded. Therefore it is sufficient to 
require that q tt t, q,AB, q,zz, q,A/(x 2 + y 2 ) 1 ^ 2 are all square integrable. 
On differentiating we find that 

t(x 2 + y 2 )(3x 2 +3y 2 -t 2 ) 



(t 2 + x 2 + y 2 f/ 

\ X (0, 0, Z) + — -V—— (0, 0, z) 



Xx 2 + y 2 ) 1 / 2 ^' y 7 ' ' (x 2 + y 2 y/ 2 
q,zz = (po.zz {x, y,z) + t(px,zz {x, y, z) 
t 3 

~ TTT -2(^1^(0, 0, z) + y(p hyzz (0, 0,z)) 
z ~\~ x ~ \~ y 

q.AB = (po.AB(x,y,z) +t<j>i > AB(x,y,z) 

t 3 

+ 2 ( t 2 +x 2 +y 2) 2 (^^^( ' °' Z ) + XB<hA0, 0, Z)) 

+ 2 ,.,. f. ^J sab-4-, XAXB 



(t 2 +x 2 + y 2 ) 3 / 2 V t 2 + x 2 + y 2 

\ x (0,0,z) + —-^— 72^(0,0, z) 



(a ,2 +2/ 2)l/2^V^^ / (^2+^2)1/2 

Also we apply the mean value theorem (with £, rj 6 [0, 1]) to to obtain 

! to AO, 0, z) + 1^ + f ]1 'l fr, A (0, 0, z) 



(x 2 +y 2 ) 1 / 2 (x 2 + y 2 ) 1 / 2 ^ ' ' ' ' ; t 2 + a; 2 +y 2 

+ ( x 2 +y 2)l/ 2 (^- 4a: ^ :Z: ' ' Z ) + ^l>^x(^, 0, z)) 

(<Ao,Aj/(0 5 ?7y, z) + t0i,Ai/(O, ?7y, z)) 



(a;2 + y2)l/2 



+ 2 ( i 2 +^ +y2 ) ((^+^2)1/2 ^(0. °' *) + (x 2 + y 2)1 /2^..(°' °' *) 
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Sufficient conditions on the initial data for the integrability of each of these components are 



q. 7 .7. e L 2 (U) 4> a , zz , £ L 2 (S), <f>i, zzA \ A G L 2 (S n A) 

Q.AB G i 2 (?7) O ,AB, 01.AB G £ 2 (5), 01,A| A £ £ 2 (S D A) 

g,^ r 2 rm ^ ' A = °(( x2 + v 2 ) n ) for somc n > °> 

( x 2 + y 2)l/2 fe ^ AB; 01. AB G L 2 (S) 



We therefore have sufficient conditions on the initial data (0o, 0i), for e L 2 (U), of 

(1) 0o A = 0((a; 2 + y 2 )") for some n > 

(2) «^ M|A eff 2 (5nA) 

(3) 0o, 0i G H 2 (S) 

3. Existence and uniqueness 

On obtaining a function q € H 1 ^) which makes the right hand side of (5) square integrable, we 
may proceed to prove existence of a unique solution ip G H 1 ^) to (5), and hence a unique solution 
G H 1 ^) to (3). The first step in establishing such a result is to construct an energy inequality 
(Clarke, 1998; Hawking and Ellis, 1973). 

We define the following energy integral 

E(t)= [ S-Xn^-gf^^x 

JS-r 

where t a is the tangent to a time-like congruence of geodesies (here we can take t a = <5*), n a is the normal 
to the surface S T and 

oab l„ac„bd 1 n ab „cd\ / i 1 _a(> / 2 

* = {9 9 - 29 9 )V.aV,b ~ 29 V 

It will turn out that estimating this energy integral easier than working directly with the classical Sobolev 
norm HV'll^cn- However E(t) and (HV'lls^cfi) 2 are equivalent in the sense that one can find global positive 
constants B\ and B2 such that 

Bi(U\\ 1 s^ 2 ^E(r)^B2(U\\ 1 s^n) 2 (6) 

The crucial step in obtaining an energy inequality is to apply Stokes' theorem to the vector S ab t b on 
the region 

0<t'<t 

however caution must be exercised because of the possible lack of differentiability of g a b and ip in a 
neighbourhood of the axis A. We therefore apply Stokes' theorem to the region 

U^ = {xeU T \x 2 + y 2 >£ 2 } 

which has a boundary dU E consisting of 

s e T = s T n u £ 
s e = snu E 

= {(t,x,y,z) eU T \x 2 +y 2 = s 2 } 

and will consider the limit e — > 0. 

On applying Stokes' theorem to this region we obtain 

/ (S ab t a ):b(-9) 1/2 d i x= I S ah t a n b dS- f S ab t a n b dS- f S ab t a n b dW 
Ju% Js% Js^ Jw- 
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Taking the limit as e —* and using the fact that i a; b = 

E(r) = E(0) + F(t) + f S ab . b t a (-g)^ 2 d 4 x 

where 

F(t) = lim / S ab t a n b dW 

The quantity F(t) is the limiting flux integral, whose significance we shall discus later; for the time being 
we shall assume that this quantity exists. We have 

E(t) = E(0) + F(t) + [ V,t(V> - □V') (-9) 1/2 d 4 x 

JU-r 

which implies that 

E{r) < E(0) + \F(r)\ + K^Wlf + K(U\\\j T f 

Using the fact that 




and on applying (6) we have 

E(r) < E(0) + \F(t)\ + K\\U^ Ut + {K/Bx) f E(r') dr' 

Jo 

This inequality may be solved by Gronwall's Lemma (See e.g. Abraham ct al., 1988) to give 

E(r) < (E(Q) + \F(r)\+K^Unl T ) 2 )e K/B ^ 

or equivalently 

OMll) 2 < ^ ( B 2(||^||^ c o) 2 + I^WI + ^(|P^||° r ) 2 )e^ T (7) 

The first term in the right hand side is determined by the initial data in (5) and will be zero in our case. 

We first consider the issue of whether any such solution to (5) is unique; suppose that 7 is the difference 
of two such solutions of (5), then it must be a solution of the initial value problem 

□7 = 
7|s = 

« a 7,a| S = 

and so the corresponding energy inequality is 

A vanishing limiting flux term F(t) will imply that 7 = and therefore any such solution to (5) would be 
unique. In the case of a non- vanishing F(t), it could be possible for uniqueness to be violated. However 
F(t) may be expressed as 

F(t) = - lim / tt(n x t* + nV iP-y) dW (8) 

Since the metric is locally bounded and the surface element can be expressed as Ae dt dip dz in suitable 
cylindrical coordinates, a sufficient condition for F(t) to vanish is that ip has a locally bounded derivative. 

We finally consider the question of whether a solution exists to (5) using a method following those 
of Egorov and Shubin (1992) and Clarke (1998). We shall show that a C 1 solution exists to (5), whose 
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differentiability is sufficient for the flux term (8) to vanish and therefore guarantees that the solution is 
unique. We first define the solution function space Vb and its dual V\ 

V = {iPeC 1 (U)\iP l s = n a iP, a]s = 0} 

We may apply the energy inequality to ip € Vb. It should be noted, as in the previous section, the imposed 
differentiability level will force the flux term F(t) to vanish and so we are left with 

(Mien) 2 ^ B 2 Ke K / B ^^\\n^\\° UT r 
In particular we apply this to the region U and integrate to obtain 

\\ip\\ < Cl |pV>|| W>eV 

where we use \\ip\\ to denote the L 2 norm of ip over U. 

We may obtain a similar inequality for w e Vi, by regarding S T2 as an initial surface, with zero initial 
data, evolving back in time and constructing an analogous energy inequality; thus we obtain 

IMI < C2|pw|| V^eVi (9) 

We now apply Stokes' theorem to ipLd' a and uoip'-' a for ip £ Vb and u £ V\ noting that the boundary 
contributions on S and S T2 vanish. 

f ^ ; Vab) 1/2 ^+ / ip\3uj(-g) 1/2 d 4 x = - [ if)Lj. a n a dW 
Ju' Jut Jw? 2 

[ V ; Va(-.g) 1/2 rf 4 a;+ / Uijuj{-g) 1 / 2 d A x = - [ ^. a n a dW 
Ju e Ju e Jw? 2 

On taking the limit e — > 0, the flux integrals on the right hand side vanish because ip and co are C 1 . 
Subtracting the resulting equations gives 



l4 x 



[ DiPuj(-g) 1/2 d 4 x= f iP0Lu(-g) 1/2 d 4 
Ju Ju 

which, because (— g) 1 ^ 2 is constant may be written as 

DiPud 4 x= ( ipUuud 4 x (10) 



I 



iu ju 

As a consequence, we may define a linear functional k : UV\ — > K by 

k{Uuj) = f(f- Uq)Lod 4 x 
Ju 

and by (9) 

|fc(n w )|<||/-ng||HI 
<c2||/-n 9 ||||cM| 

implying that this linear functional is also bounded. 

In order for k to correspond to an element of Vb (a solution of (5)) we must show that DVi is a dense 
subspace of L 2 (U). It is sufficient to show that any function in the space (□Vl) -L is necessarily zero. 
Suppose that A e (DVi)- 1 then, because Vb is dense, there exists a sequence (ip n ) in Vb converging to A. 
By (10), we have for all lo E V\ 

lim / Dip n u! d 4 x = lim / Du)ip n d 4 x 
n ^°°Ju n ^°°Ju 

□wA d 4 x 



IU 

= 

Since V\ is dense, this implies that Dip n — > a.e. That is we have A = 
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4. Conclusion 

We have shown that by using the functional analytic methods of Clarke (1998), that for initial data 
satisfying the following conditions; 

(1) O A = 0((x 2 + y 2 ) n ) for some n > 

(2) 0^ |A eff 2 (SnA) 

(3) O , 0i G H 2 (S) 

a unique solution G H l (U) to (3) exists in every open region t/ of the conical space-time (1), and 
therefore such a space-time can be regarded as hyperbolic in this sense. 

The integrability conditions on the initial data resulted from the choice of the arbitrary function 
q £ i? 1 (/7) which satisfied the initial data. It may be possible to weaken them by a more careful choice 
of such a function. The actual proof of existence and uniqueness depended on two properties of the 
metric; namely that both its covariant and contravariant components are locally essentially bounded, and 
that there existed a natural congruence of time-like geodesies whose tangent has an essentially bounded 
covariant derivative. It is therefore possible to modify the proof to show that a similar evolution of the 
wave equation is possible in other conical space-times whose metric differs from (1) by a C 2 perturbation. 
In such a space-time the conical singularity will have a constant deficit angle and the axis may be regarded 
as a totally geodesic two dimensional time-like submanifold, and therefore represents a thin string on a 
curved background. 

More recently the same problem was approached by Vickers and Wilson (1999) using Colombeau's 
generalised functions (See e.g. Colombeau, 1984). Colombeau's theory enables a distributional interpre- 
tation to be given to products of distributions that would otherwise not be defined in classical distribution 
theory, and therefore has a natural application to non-linear theories such as General Relativity. One 
important recent application was to rigorously establish the form of the energy momentum tensor (2). 
In that paper, the initial value problem (3) was formulated as an initial value problem in the Colombeau 
Algebra and existence and uniqueness was proved within the algebra. It should be noted that, by working 
with regularised functions in a Colombeau Algebra, it was possible to establish existence and uniqueness 
given any initial data (0o , 0i ) £ H 1 (S)x iJ° (S) , where as in this paper we needed stronger differentiability 
conditions on the initial data. 
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